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Abstract - We give an algorithm for generating
cyclic self-orthogonal (CSO) codes for an arbitrary
positive integer n with gcd(n; q) = 1. Given a cyclic
q-ary code of length n, we determine how many codes
isomorphic to the given code are cyclic. We intro-
duce a mass formula for CSO(n; q) codes of maxi-
mum dimension. Using the mass formula we classify
CSO(63; 2) codes. This mass formula works for any
cyclic incidence structure on n points. At the end,
We conjecture that there are at least two CSO(127; 2)
codes of dimension 63 up to isomorphism.
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1 Introduction

We assume that the reader is familiar with the
basic de�nitions and facts of the theory of error-
correcting codes. Our notation and terminology for
error-correcting codes will be standard and can be
found in [3], for instance. A polynomial p(x) 2 Fq[x]
is said to be irreducible over Fq if p(x) has positive
degree and p(x) = a(x)b(x), with a(x), b(x) 2 Fq[x]
implies that either a(x) or b(x) is a constant poly-
nomials. For every �nite �eld Fq and n 2 N , the
product of all monic irreducible polynomials over Fq
whose degrees divide n is equal to xq

n � x.

The code C is cyclic if it is linear and is closed
under the shift of the codewords. In other words,
(c0; :::; cn�1) is a codeword whenever (c1; :::; cn�1; c0)
is also a codeword. We associate the codeword
(c0; :::; cn�1) in Fnq with the polynomial c(x) = c0 +
c1x+ :::+ cn�1x

n�1 2 Fq[x]. A cyclic code of length
n is an ideal of the quotient ring Rn = Fq[x]=(xn�1).
The generator polynomial of C =< g(x) > is a
unique monic polynomial g(x) of minimum degree.
The generator polynomial g(x) divides xn � 1. If
deg(g(x)) = r, then C has dimension n � r. The

check polynomial of C is h(x) = (xn � 1)=g(x). The
dual code C? is also cyclic and has generator poly-
nomial g?(x) = xdeg(h(x))h(x�1).

The formula for the total number of maximal self-
orthogonal codes ([3], Theorem 9.5.3) implies that
the number of self-orthogonal codes of length 63 and
dimension 31 is larger than 4:8�10149. Classi�cation
of self-orthogonal codes of large lengths is infeasible.
In this paper, we consider classi�cation of cyclic self-
orthogonal codes.

The enumeration and classi�cation of all cyclic bi-
nary self-orthogonal codes of length 63 of maximum
dimension have been carried out in [8]. The classi�ca-
tion of the aforementioned codes has been done using
the isomorphism of the incidence structures derived
from codewords of particular weights. It is very help-
ful to have a mass formula to classify these codes.
We present a mass formula for cyclic self-orthogonal
codes of maximum dimension in Theorem 7. Using
this formula, we classify CSO(63,2) codes of maxi-
mum dimension 27 and give the order of their auto-
morphism groups.

2 Generating CSO codes

We shall denote the set of all cyclic self-orthogonal
codes of length n over Fq by CSO(n; q). We give
an algorithm for generating CSO(n; q) codes for an
arbitrary positive integer n with gcd(n; q) = 1. The
algorithm can be revised to generate CSO(n; q) codes
of any given dimension.

The reciprocal of a non-zero polynomial f(x) 2
Fq[x] is de�ned by

rec(f(x)) := xdeg(p(x))f(x�1) 2 Fq[x]: (1)

For non-zero polynomials f(x); g (x) 2 Fq[x] we say
f(x) is reciprocal of g(x) if f(x) is a non-zero multi-



ple of reciprocal of g (x) ; i.e. rec(f (x)) = ag (x) for
some a 2 F�q and f (x) is self-reciprocal if f (x) is
reciprocal of itself.

Lemma 1 [3] Let xn�1 = g(x)h(x) over Fq. Then
a cyclic code C with generator polynomial g(x) is self-
orthogonal if and only if the reciprocal of h(x) divides
g(x).

If C is a self-orthogonal cyclic q-ary code with a
generator polynomial g(x), we have deg(g(x)) �

�
n
2

�
. Let xn � 1 = f1(x):::fl(x) be the factorization of
xn � 1 in Fq[x]. According to Lemma 1, we can �nd
all generator polynomials of CSO(n; q) codes by in-
specting the factors of xn � 1 of degree �

�
n
2

�
:

Theorem 2 [3, page 148] Suppose the following is a
factorization of xn� 1 into monic irreducible polyno-
mials

xn�1 = f1 (x) � � � fs (x) a1 (x) � � � al (x) b1 (x) � � � bl (x) ;

where for 1 � i � s, fi(x) is self-reciprocal and for
1 � i � l, bi(x) is reciprocal of ai(x).

Let C be a cyclic code of length n over Fq with
generator polynomial g(x). Then C is self-orthogonal
if and only if g(x) has factors f1(x) � � � fs(x) and at
least one of ai(x) or bi (x) for 1 � i � l:

From above theorem we conclude that
jCSO(n; q) j = 3l and every cyclic self-orthogonal
code is contained in some maximal CSO(n; q) code
of dimension

kmax = n�
sX
i=1

deg fi (x)�
lX
i=1

deg ai (x) : (2)

Moreover, the number of CSO(n; q) codes of maxi-
mum dimension is 2l [7]:

Remark 3 For n = qm�1; the irreducible polynomi-
als and the number of self-reciprocal irreducible poly-
nomials have been enumerated [6], [4]. We can �nd
explicit formulas for the number of CSO(qm � 1; q)
codes, the number of CSO(qm� 1; q) codes of a given
dimension, and a dimension formula for such codes
in terms of q and m.

Using the following algorithm we can systemati-
cally generate CSO(n; q) codes:

Algorithm 4 Generator Polynomials of
CSO(n,q)

Input parameters:n; q

Output: " : list of all generator polynomials of
CSO(n,q) codes.

S1  ;; S2  ;; " ;

S  f set of all irreducible factors of xn � 1g:

For p(x) 2 S

If f(x) = rec(f(x)) then S1  S1 [ ff(x)g

else S2  S2 [ ff(x)g

g1(x) 
Q

f(x)2S1
f(x)

s jS2j =2

U  [
il
ffgil (x) ; hil (x)gg (fgil (x) ; hil (x)g are the

reciprocal pairs introduced in Theorem 2)

V  [
il
ffgil (x) ; hil (x) ; gil (x)hil (x)gg

G2 �
v2V

v (Cartesian product)

For g = (v1 (x) ; :::; vs (x)) 2 G2

" " [ fg1(x) �
Qs
i=1 vi(x)g

Return(").

Remark 5 Changing

V  [
il
ffgil (x) ; hil (x) ; gil (x)hil (x)gg

in the above algorithm to V  [
il
ffgil (x) ; hil (x)gg

will result the generator polynomials of all CSO(n; q)
codes of maximum dimension.

Factorization of x63�1 over F2[x] shows that there
are exactly 32 CSO(63; 2) codes of maximum dimen-
sion 27. The polynomial x127 � 1 has a unique self-
reciprocal factor x+1 and 18 non-self-reciprocal fac-
tor over F2: Therefore there are 512 CSO(127; 2)
codes of maximum dimension 63:



3 Mass Formula for Maximal
CSO Codes

So far we have enumerated the number of
CSO(n; q) codes and maximal CSO(n; q) codes. Hav-
ing a mass formula can be helpful to classify these
codes. We know if C is an arbitrary q-ary code of
length n then the number of codes equivalent to C is

n!

jPAut(C)j ; (3)

where PAut(C), called the permutation automor-
phism group of C, is subgroup of the symmetric group
Sn consists of all coordinate permutations that map
C to itself. We call elements of PAut(C) permutation
automorphism.

Two linear codes C1 and C2 are isomorphic (per-
mutation equivalent) if there is a permutation of coor-
dinates which sends C1 to C2. Here we are interested
in cyclic codes. Given a cyclic q-ary code of length
n we want to know how many codes isomorphic to
C are cyclic. Of course this number is not always
n!=jPAut(C)j since not every permutation in Sn pre-
serves the property of cyclicity. We have formulated
this number in the following Lemma.

Lemma 6 Let C be a cyclic q-ary code of length n
and let PAutcyc(C) be the set of n-cycles of PAut(C).
Then Pcyc(C), the number of cyclic codes isomorphic
to C is

Pcyc(C) =
njPAutcyc(C)j
jPAut(C)j (4)

Assume C is a cyclic q-ary code of length n with
permutation automorphism PAut(C). Take

U := fg 2 Sn : Cg is cyclicg: (5)

Suppose fC1; :::; Cmg with m = Pcyc(C) is the set of
all distinct cyclic codes isomorphic to C. Therefore,
there are permutations �1; :::; �m 2 U such that Ci =
C�i . Clearly, the coset PAut(C)�i � U for every i.
Hence [mi=1PAut(C)�i � U . Conversely, let g 2 U
so Cg be a cyclic code isomorphic to C. Therefore,
Cg = Ci for some i 2 f1; :::;mg. This implies Cg =
C�i or g�

�1
i 2PAut(C). So g 2PAut(C)�i. Hence

U = [mi=1PAut(C)�i and we have

jU j = Pcyc(C)jPAut(C)j (6)

Assume z is the n-cyclic (1; 2; :::; n). If g 2 U
then z 2PAut(Cg). This is the same as saying the
conjugate of z in Sn is in Aut(C). Suppose

PAutcyc(C) := f�1; :::; �cg (7)

is the set of all n-cycle automorphisms of C where
c = jPAutcyc(C)j. Since any two n-cycles in Sn are
conjugate in Sn, we have

jU j =
cX
i=1

jfg 2 Sn : gzg�1 = �igj (8)

From gzg�1 = (g(1); g(2); :::; g(n)) it follows that
jfg 2 Sn : gzg�1 = �igj = n. Hence

jU j = njPAutcyc(C)j (9)

Comparing the equations (2) and (5) gives the equal-
ity in Lemma 6.

The mass formula for maximal CSO(n; q) codes fol-
lows from Theorem 2 and Lemma 6 as follows:

Theorem 7 Let

xn � 1 = f1(x):::fs(x)a1(x):::al(x)b1(x):::bl(x)

be the factorization of xn � 1 over Fq given in Theo-
rem 2. Assume

Ps
i=1 deg fi(x)+

Pl
i=1 deg ai(x) =

t. Then the mass formula for cyclically-maximal
CSO(n; q) is as follows:X

i

njPAutcyc(Ci)j
jPAut(Ci)j

= 2l (10)

where the sum runs over all i, where fCig is a com-
plete set of representatives of non-isomorphic max-
imal CSO(n; q) codes. PAutcyc(C) is de�ned as in
Lemma 6.

There are exactly 32 CSO(63,2) codes of maximum
dimension 27 and there are precisely eight inequiva-
lent classes of CSO(63; 2) codes [8]. These codes have
been classi�ed using isomorphism of incidence struc-
tures derived from codewords of certain weights. In
fact, these codes could be classi�ed easier using above
Mass Formula ( see Table 1). The coe¢ cient list of
the generator polynomials of the inequivalent codes
are given in a decimal representation. For example,
the binary representation of 41 is 101001 and the cor-
responding binary polynomial 1+ x2+ x5 is the gen-
erator polynomial of the code.



Code # Generator Poly.Coe¢ cients Min. Weight jAut(C)j Pcyc(C)
1 128336401643 8 27216 = 24357 2
2 130251012467 8 7620480 = 27 35 51 72 2
3 123521236283 12 378 = 21 33 7 6
4 134246910755 16 10584 = 23 33 72 6
5 126538148171 16 10584 = 23 33 72 6
6 78517404169 8 222 310 53 73 2
7 68853956609 4 234 313 51 710 2
8 106916043935 12 10584 = 23 33 72 6

Total= 32

Table 1: Classi�cation of maximal CSO(63,2) codes and their group orders.

Remark 8 We have used Magma [1] to compute
automorphism groups and n-cycles of automorphism
groups of the codes using the following command:

> #[ u : u in G | CycleStructure(u)
eq [<n,1>] ];

Example 9 x127 � 1 has a unique self-reciprocal ir-
reducible factor x + 1 and 18 non-self-reciprocal ir-
reducible factor over F2. Therefore there are 512
CSO(127; 2) codes of maximum dimension 63: Using
the Magma Calculator (Total time: 14.160 seconds,
[7]), we can verify that the polynomial

x64 + x56 + x55 + x54 + x53 + x52 + x51 +

x50 + x49 + x40 + x37 + x36 + x33 + x24 +

x23 + x22 + x21 + x20 + x19 + x18 + x17 +

x8 + x+ 1

is generator polynomial of C; a CSO(127; 2) code of
dimension 63. We have PAut(C) = 7 � 127, so
PAutcyc(C) = 126: There are precisely

njPAutcyc(C)j
jPAut(C)j = 18

CSO(127,2) codes isomorphic to C. Algorithm 4 lists
all 512 CSO(127; 2) codes of dimension 63. Using the
mass formula, It seems to be feasible to classify these
codes up to isomorphism.

It is known that there are exactly two CSO(31; 2)
codes of maximum dimension 15 up to isomorphism.
Existence of these two codes shows that the "only if"
part of the Hamada�s conjecture is not true in general
[9].

Sarami and Tonchev [8] have used the classi�cation
of binary cyclic self-orthogonal codes of length 63 to

prove that any cyclic quasi-symmetric 2-(63; 15; 35)
design with block intersection numbers x = 3 and
y = 7 is isomorphic to the geometric design having
as blocks the 3-dimensional subspaces in PG(5; 2).
Now the question is whether there is a cyclic quasi-
symmetric 2-(127; 31; 155) design non-isomorphic to
the geometric quasi-symmetric 2-(127; 31; 155) de-
sign. Extended binary code of a geometric quasi-
symmetric design is a cyclic self-orthogonal code. We
conjecture that there are at least two CSO(127; 2)
codes of dimension 63 up to isomorphism. Classi-
�cation of CSO(127; 2) codes may provide another
counterexample for Hamada�s conjecture [5].

References

[1] W. Bosma and J.J. Cannon. Magma. Sydney:
School of Mathematics and Statistics, University
of Sydney, 1995.

[2] J.H. Conway and V. Pless. On the enumera-
tion of self-dual codes. J. Combin Theory Ser.
A,28:26�53, 1980.

[3] W.C. Hu¤man and V. Pless. Fundamentals of
Error-Correcting Codes. Cambridge University
Press, 2003.

[4] W. Götz and H. Meyn. Self-reciprocal polynomi-
als over �nite �elds. In Séminaire Lotharingien
de Combinatoire, pages 82� 90. I.R.M.A. Stras-
bourg, 1990.

[5] N. Hamada. On the p-rank of the incidence ma-
trix of a balanced or partially balanced incom-
plete block design and its applications to error-
correcting codes. Hiroshima Math.J., 3:153�
226, 1973.



[6] R. Lidl and H. Niederreiter. Introduction to Fi-
nite Fields and Their Applications. Cambridge
University Press, 1986.

[7] Magma: http://magma.maths.usyd.edu.au/calc/

[8] C. Sarami and V.D. Tonchev, Cyclic quasi-
symmetric designs and self-orthogonal codes of
length 63, J. Statist. Planning and Inference, to
appear.

[9] V.D. Tonchev. Quasi-symmetric 2-(31,7,7) de-
signs and a revision of Hamada�s conjecture. J.
Combin. Theory, A 42:104� 110, 1986.

[10] V.D. Tonchev. Codes and designs. in: �Hand-
book of Coding Theory�, V.S. Pless and W.C.
Hu¤man eds., Chapter 15, pages 1229�1267,
1998.


